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Scattering by a Narrow Perfectly Conducting Infinite Strip in a Gyrotropic Medium

by
S. R, Seshadri
(:ordon McKay Laboratory

Harvard University
Cambridge, Massachusetts

Abstract
The scat‘ering of a plane electromagnetic wave of wave-number k
by a periectly conducting infinite s*vip of width 2a is investigated for the
case in which the surrounding medium is gyrotropic. The gyrotropic axis is
taken parallel to the edges of the strip. The problem is formulated in terms
of an integral equation whose solution is obtained in the form of a series in
powers of ka. Expressions for the far-zone fields and the first two terms in

the series for the total scattering cross section are obtained.
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TR380 I. Introduction

The scattering of electromagnetic waves by obstacles embedded in an
anisotropic medium is of current interest. It is known that wave propagation
in an unbounded anisotropic medium is more complicated than in isotropic
space. As a consequence, the scattering of electromagnetic waves by
obstacles immersed in an anisotropic medium is a difficult problem. However,
there are ‘wo general catezories of problems which turn out to be very aimilar
to the corresponding problems in isotropic space. The scattering of obstacles
in « uniaxially anisotropic medium belongs to the first category which Felsenu)
has investigated systematically. The scattering in a gyrotrdopic medium by
perfectly conducting cylindrical obstacles belongs to the second category. The
generators of the cylinder are parallel to the gyrotropic axis but perpendicular
to the direction of propagation of the incident wave. In this report, a simple
problem of the second category is studied.

Consider a homogeneous plasma of infinite extent. Let a static magnetic
field be assumed to be impressed uniformly throughout the plasma. Under
certain simplifying approximations(z), the plasma becomes equivalent to 2
dielectric med.um characterized by a tensor dielectric constant. A perfectly
conducting infinite strip of width 2a is assumed to be embedded in such a
medium and oriented so that its edges are parallel to the direction of the
external magnetic field. The scattering by the infinite strip of a plane electro-
magnetic wave of wave-number k is investigated. Of the two polarizations,
that with the magnetic vector parallel to the edges of the strip is the one which

is different from the corresponding problem in isotropic space; hence only the
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H-polarization is treated. A solution is ciLtained when the incident wave-
length is much larger compared to the width of the strip i.e., ka << 1. The
problem is formulated in terms of an integral equation which specifies the
current induced on the strip. The integral equation is solved for ka <<1
and explicit expressions for the diffraction pattern in the far-field and the

first two terms in the series for the total scattering cross section are obtained.

Formulation of the Problem:

A perfectly conducting infinite strip occupies the region le < a,
-om<y<oandz = 0, where x, y and z form a right-handed rectangular
coordinate system. The medium surrounding the infinite strip is filled. with
a homogeneous plasma which is threaded uniformally by a static magnetic
field in the y direction. Only the two-dimensional problem in which all the
field quantities are independent of y is considered. Also, as was pointed
out earlier, the treatment is given only to the case of the E-mode for which
the nonvanishing components of the electric and magnetic fields are Ex(x, z),
Ez(x, z) and Hy(x, z). A harmonic time dependence e'i"’t is implied for all

of the field components. For the E-mode it may be shown(z) that Hy(x, z),

the only component of the magnetic field, satisfies the following wave-equation

+ k Hy(x, z) = 0 (1)
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in the region exterior to the strip. In (1)

2 2
i = k2 (81 "2 ) . ke )
& €
where 2 -1
Up Ve
g =1 '<w ) 1- W 3)
2 -1
w w
= P w - < .
e2 ( w ) wc [X) (4)

The gyromagnetic and plasma frequencies are denoted by W, and wp respectively.
The wave-number pertaining to vacuum is ko' Also, the components of the

electric field Ex(x, z) and Ez(x, z) are obtained in terms of Hy (x, z) as follows:

ig €
_ - ] H (x,z) - 2 8 H (x, z)
Ex (x,2) = we € [T vy we € 8x ¥y TA5)
ig 7
- 1 8 2 9
Ez (x, z) = z’-é-;-a—— ‘—3"—' HY (x, z) - ere 9z Hy(x,z) (6)

It is obvious from (1) and (2) that the E-mode can propagate only for certain

frequency ranges .or which k2 and hence are positive, It is assumed

€
&
that the frequency is restricted to the range for which k is real and positive.

In view of (1), it is reasonable to assume that the incident fleld is

given by ik(#x + nz)
Hyl(x,z) = e {7a)}
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where

1 = cos 0,y n = 8in 0, : (7b)
The application of Green's theorem to the volume bounded by the two sides

of the strip and a cylindrical surface at infinity yields

Hy(x, z) = Hyi(x, z) + Hys(x, z)

ik{bc+nz) . a —_
=e + —i— 5[ Ly(x') + L (x!) -3%-] Ho(l)[ k" (x-x')z+zz] dx!
(8)
where
Lx) = H (e, 07) - H (x, 0) (9a)
and
L) = g H (607 - —— H o | (9b)

The integral in (8) evidently gives the scattered field Hy8 (x,z). On the
surface of the strip, since it is perfectly conducting, the tangential
component of the .lectric field vanishkes and hence, the following boundary
condition

Ex(x,Ot) =0 for le<a. (10)

holds, With the use of (9) and (10) in (5), it follows that

e, I, (x) + ¢, -—:; Lx) =0 _ (11)
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The value of Iz(x), as obtained from (l11), is substituted in the integral in (8)
and an integration by parts is carried out. The surface current I.l(x) on the

strip, since it is normal to the edge, is zero for x = 0. Hence,

ik(!x+nz) a
Hybx,2) = e 1 H—:— ret Sl ® 4o ax
-a

(12
The substitution of (12} in (5), together with the boundary condition (10), yields

the iollowing integral equation:

52 K%y & W ske, ife, ikl
< 5 + = > 5 L (x") H [k [x-x'] Jdx' = 3 (n - 3 Je
dx 1
-a
for | x| <a . (13)

Solution of the Integral Equation for ka << 1

The solution of the differential equation (13) for the integral yields

a
€
S\k(n+i1 812 )Il(x')Ho(l)[k |x-x'|] dx'

'ks 'ks
= 4e +De for |x]<a.
The arbitrary constants C and D are determined by the requirement that
Il ( + a) = 0. Itis noticed that the integral equation {14) is similar to the

one obtained in the treatment of the problem of scattering by a narrow,

unidirectionally-conducting infinite strip(3). Therefore, the solution of (14)




TR380 -6-

can be written down by making use of the solution obtained in [3]. For that

purpose let
x' = acosv
e n=oo
n+il—2)I (acosv)= ) £ (ka)?}
€, 1 n
n=e

The solution of {14) is then given in the form

r=n
fZn = Z azn’ r sin (2r+ 1) v
r=o
r=n
f2n+1 = Z a'Zn+1,r sin (2r+ 2)v n=0, 1, 2...
r=o
where
. . leo
0,0 ¥
_ 3B
4,0 "I
L. Eemp By Bp B,
2,0 ~ n T ox 8%
.
2,1 24n ]
L T .
3,0 87 47 o

(15)

(16)

(17)
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131po 31‘50"'2p ip of lpo'YZP leo'YZ P
tww C TE T Ia - T T R
. 2 2 . 2 . . 2 . .
2ig v, P L ig v, . iBp-  3ip vsp 3iB,vy
T b1 Tov &t =
I T BoYgP By
4,1 8% kYZ B T 2F
) ip jv,p . e 7% - ig p i i
24 37 192 TiZx
3ig ip ip
a, , = V4 - 2 - ) (18)
4,2 8x 160~ T7680%
and
Y | 2nt+2 2nt2 _-(n+l)
pZn = [Znt2)t E - & € ]
W p— B
'2ntl - “(Zn ¥ 2) Zn
81Zn s-n
Yon © 2n!
_ yka wi
P = log=—- —
log ¥ = 0.5772157 is Euler's constant . (19)
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Total Scattering Cross Section

The total scattering cross section & per unit length of the strip is
given by -2-;— , whare ps is the total power scat‘ered per unit length of
wue strip and si is the incident power flow through unit area normal to the
direction of the incident wave, The integration of the real part of
v B x ® throughout the. volume bounded by the two sides of the strip

and a cylindrical surface at infinity leads tc
a
= 1 i* ) 1 1
P --Z—Re Ex (x,O)Il(x)dx . (20)
a

Also.
sl = (R+nd). = Re[RE*+ 2EM x 7 Hl (21)
- * Tz X z Y 5
The use of (5) and (7a) in (20) and (21) yields for the normalized scattering

cross section

8 ~-ikix’

a
€
o __p _ 1 S g 2
= — = Re n+ilt—=—)>e {x') dx' {22)
2a 2a 8t 2a 3 € I1 .

The use of (15) - (17, in (22) gives the first few terms in the power

series of -74:—- to be

[o o]
[ _ 7 2n+l
g = I R Z ty 4y (ka) (23)
n=o

s i et it
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where
t = 39,0
L )
33,072 3
ifay 2 ifa o fa

0,0

S e

The use of (18), (19) and (24) in (23) gives the first two terms in the total

tg = ay 97— - g lag o tay )t gt - (24)

These are

2
p 1
5 1
_Z— (ka,) [83 (72- 1 )

3p

scattering cross section.

e _ 1l’(k;:),)3
Za T 4

By (v, - =) +

¥
R e i A Sl B

3p
T )] (25)
where
d = log —22_ '
- log (26)

With the use of po and 7, from (19), the leading term in (25) for normal

incidence becomes

1
2 €
€ -£
1 2

From (27}, it is obvious that for normal incidence the total scattering cross

section of a narrow, infinite strip in a plasma medium is enhanced when the
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plasma is rendered gyrotropic by the application of a uniform, static magnetic

field parallel to the edges of the strip.

Diffraction Pattern in the Far-Zone

It is desired to find the expression for the scattered field Hys (x, z)
in the far-zone, Withx =p cos0, z = p 8in 0 in (12) and with only
the leading term in the asymptotic expansion of the Hankel function for

largep, it is found that

- ifkp - z ) & € -ikx'cos @
HYB (p,0) = -?k- ??E e kD S [sin 0 + ie—l-z— cos 0] I (x')e dx!'
-a
(28)

The use of (15) - (17) in (28) gives

s 1 [ 7 iflp - R 2n+2
HY (p,O )= il o Tkp—e z T2n+1 (ka) (29)
0o

where T is the same as t 1 with £ replaced by cos 0 . In particular,

2n+l 2n+
the leading term in (29) is obtained with the use of (24), (18) and (19). Iiis

—_ 2 2 2
Hs(p Q) = / LS e1(kp- 3“; )(k a.)Z(ﬂ——.-——-sz) cosZO-—z——Tel
y ’ EE; [o] 81 51 - 82
(3¢)

When the plasma is isotropic, it is easily seen from (30) that HYs (p,0) has a

null for 0 = 0,7 . The result ic in accordance with the general law that the

e o



TR380 -11-

tangential component of the magnetic field, in an isotropic medium, is
undisturbed even’in the presence of the strip, in its plane but exterior to it.
However, when the medium is rendered gyrotropic by the application of an

external magnetic field parallel to the adges of the strip, I-Iys {p,0) as given

2
€

in (30), has no null since ——-%—2 is greater than unity.
€, -¢€
1 2

it has been stated earlier that the results of this scattering problem
£
£

are valid only for the range of frequencies for which is positive.

With the help of (2) - (4), it is possible to show that is positive only

£
1
for the frequency ranges given by

2 2 2 2 2
v, + W -Iwcl Wy tw” <w < tw (3la)

and

W tw el Jutuw < W< ) (31b)

Hencg the results are valid only for the frequency ranges given by (31). Also,

it can be shown that k becomes very large near w = wpz + wcz .
2

Therefore, the analysis presented in this report is not valid near w = wp + W,

2

.
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